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Probability of first significant digit 

1. Basics 

The probability of finding a number in interval [a;b[ is written:   P([a;b[). 

The probability density function (pdf) f(x) is defined by the probability of finding a number in the 

interval [x;x+dx[:   �� ��; � � ��� 	 
 ���	�� 

where dx is the width of the interval. 

If f(x) is known, probabilities of any interval can be found by:  

����; �	 
 � ���	���
�  

f(x) is called ”probability density function” because it gives the probability per interval width dx. 

 

2. Main assumption 

We assume that the probability of finding a number in [a;b[ is the same as finding it in [qa;qb[, 

where q is an arbitrary positive factor. This change corresponds to changing the size of a specific 

unit of the numbers a and b by a factor 1/q. (This is of course not true for any table of numbers). 
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3. Derivation of the pdf f(x) 

Integration by the substitution t = qx and dt = q dx (or x = t/q and dx = dt/q), we get that the right 

integration in the assumption-equation becomes: 
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where we in the last integrations changed the free variable t to x and interchanged the order of 

multiplication. 

The assumption-equation can now be written: 
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or: 
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� ����	 � 1� � ����� �� 
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This last equation can only be true for any intergration if, for any x and q, this condition is fulfilled: 
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�  

Let us instead look at the function !��	 
 �
"��	. Then the condition reads: 
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With another arbitrary constant c = 1/q we get: 

& !��	 
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So the function g(x) is the simple ”proportionality function”:  

!��	 
 & � ,  and then:   ���	 
 �
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So we finally found the pdf f(x). 

 

4. Application of the pdf on a specific decade 

We now look at the distribution of x in the decade [1;10[. (Any other decade, e.g. [10;100[ or 

[0.1;1[, must have the same distribution because of our main assumption.) 

The probability that x has first significant digit between 1 and k, where k belongs to the interval 

[1;10[, is: 

���1; (�	 
 � ���	��)
� 
 � 1&� �� 
 1& ln �(	)

�  

where ln(k) is the natural logarithm of k. 

As the probability of just getting some number in [1;10[ must be 1, we have: 

���1; 10�	 
 1   or   
�
' ln�10	 
 1   or   c 
 ln�10	 

So: 

���1; (�	 
 ln �(	ln �10	 
 log �(	 

where log(k) is the 10-logarithm of k. 
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5. Conclusion 

The probability for x to have the whole number n as first significant digit becomes: 

���/; / � 1�	 
 ���1; / � 1�	 � ���1; /�	 
 log�/ � 1	 � log�/	 
 0�! �/ � 1/ � 

 

n Prob. Prob. % 

1 0,301 30,1 

2 0,176 17,6 

3 0,125 12,5 

4 0,097 9,7 

5 0,079 7,9 

6 0,067 6,7 

7 0,058 5,8 

8 0,051 5,1 

9 0,046 4,6 

Sum 1,000 100,0 

 

6. Generalizations 

The probability that x has the first two significant digits between 10 and k, where k belongs to the 

interval [10;100[, is: 
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This looks different from before, but when going through the same argumentation as before we 

come to the same c and the same final result. 

For instance the probability for the first two significant digits to be 10 becomes log(11/10). 

And you will find that the probability of the first two significant digits to be from 10 to 19 (10 and 19 

included) becomes the same as the probability of the first significant digit to become 1, as 

expected: 

���10; 20�	 
 1ln �10	 ln �2010� 
 log �2	 

We can also generalize to other positional number systems. In the t number system, we would get:  

���/; / � 1�	 
 0�!4 �/ � 1/ � 

where logt is the logarithm with base t.   (What do you get in the binary system?) 
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7. log(x) is uniformly distributed 

As the distribution of x is the same in any decade, it must be expected that log(x) is uniformly 

distributed. This can be confirmed by introducing af new variable y = log(x).  

This is a monotonic function and the inverse function is x = 10y. 

For x in the interval [1;10[, y will belong to the interval [log(1);log(10)[ = [0;1[. 

For a and b in the interval [0;1[ we get for the probability (Py) for y in the interval [a;b[, using 

substitution x = 10y, dx = ln(10) 10y and remembering that c = ln(10): 
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So the probability distribution function for y is 1 in the interval [0;1[ (and 0 outside that interval, if 

defined for all y), that is: the distribution of y is uniform (and normalized, as we have ��0 6 7 81	 
 1). The probability for y being in the interval [a;b[ is proportional with the length of that 

interval. 

The probability (Py) for y = log(x) to be in the interval [log(n);log(n+1)[ with n = 1, 2, …, 9, must be 

the same as the probality of x (P) to be in the interval [n;n+1[, which is confirmed as follows: 

�5��log �/	; log �/ � 1	�	 
 log�/ � 1	 � log�/	 
 0�! �/ � 1/ � 

which is the same result we got for P([n;n+1[) in part 5. 

 

8. Limitations 

In practice you cannot expect any data-collection of numbers to follow this distribution law – or at 

least only approximately. Implicitly in the main assumption in part 2 is the assumption that the data 

covers infinitly many decades. A good approximation to the law must be expected if the data-

collection is large and covers many decades, but if not, the data cannot be expected to follow this 

distribution law even approximately.  

See links to more discussion about the strength and limitations at:  

http://www.torstenmeyer.dk/firstsignificantdigit01.htm 

 

 

 


